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On Moyal space-time, one can implement twisted Poincare symmetry with the resultant mod- 



O ' ification of symmetrization and anti-symmetrization postulates for bosons and fermions. We de- 



velop the thermofield approach of Umezawa and Takahashi on such a spacetime preserving the 



; twisted Poincare symmetry of the underlying quantum field theory(cift). Implications of this twisted 

Poincare symmetry for qft's at finite temperature are pointed out. 
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I. INTRODUCTION 

in 

> 
oo 

lO ' extensively [1, 2]. So also are there studies on fuzzy geometries like coadjoint orbits of compact Lie groups[3]. These 



Quantum fields on noncommutative spacetimes like the Moyal spacetime have been studied in recent times 



■ studies indicate novel modifications of symmetrisation and antisymmetrisation postulates conventionally used for 
bosons and fermions. They also establish new phases which are novel[4-6]. The existence of such features makes it 

_ interesting to study quantum field theories (qfts) on the Moyal spacetime at finite temperature. A study along these 
^ , line was initiated in [7] using linear response theory. Here we will instead examine quantum fields at finite temperature 
on the noncommutative Moyal space-time using Umezawa and Takahashi's thermofield dynamics approach[8]. Thus 

■ this work is complemented by [7] and also by [9] . 

The thermofield approach uses "mirror" fields and Bogoliubov transformations to construct the thermal "vacuum" 
state. Once such a state is constructed the various expectation values of operators in this state give the thermal 
distributions effectively. 

In Sec. II we will briefly review thermofield dynamics for commutative space-time. In Sec. Ill we will extend the 
above to the Moyal space-time. In Sec IV, we present an analysis of interacting field theories in the above approach. 
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II. REVIEW OF THERMOFIELD DYNAMICS 

In an important contribution, Umczawa and Takahashi [8] constructed a quantum field theory known as thcrmofield 
dynamics (TFD), in which the thermal average of an observable is given by the vacuum expectation value in an 
extended Hilbert space. This is achieved by constructing a thermal state | 0(/3)) such that 

Tre~I^^A 

{A) ^ = m I A I 0(/3)). (1) 

where (3 = - — , k is the Boltzman constant and T is the temperature. 
kT 

For this one starts with a Hamiltonian H acting on a Hilbert space TL and following Umezawa and Takahashi extend 
the latter to Hi^'H. Here T-L is also a Hilbert space isomorphic to H. The total Hamiltonian H is given by 

H = H - H (2) 

where we will give the details of H below. 

If is the four-momentum for 'H with Pq = then P^ on 'T^igj'H has a similar form (see below) and P^^ = P^— Pj^. 
In the above by H and H {Pfj, and P^) we mean H ^ I and I <Si H {P^ (S) / and / (8) Pfj) while Pq = H. 

In TFD, the degrees of freedom are doubled. To every observable operator O, we assign a tilde conjugate operator 
O. These conjugations obey the following rules: 

{Oi02y = O1O2, {cOy = c*0, {0'^y= {OJ = ±0 {+ for boson, - for fermion) (3) 

The untwisted free field 0(a;) ^^(x)^ of mass m has the conventional mode expansion: 

'Pi^) (k^)) = / ^ (ck(5k)e-'=- + 4(5l,)e^'=-) , u;, = + + m\ (4) 



In the above Ck, cj^ and Ck, cj^ are the standard Fock space annihilation and creation operators of "H, "H. 



Ck, 4, 



Ck.cj^/ 



= (2^)3 (2u;(fc))<53(k - k'). (5) 



Then | 0(/3)) is the "thermal vacuum state" of annihilation and creation operators ak, ct\^ and (5k, aj^. They are 
obtained by a Bogoliubov transformation of the creation (annihilation) operators Ck(C]{j) as follows: 

ak = e-''^Cke''^; Sk = e'^^ci^e^^ (6) 

where 



Here 



tanh^e(A;) = e" 



for free fields. 

The exact expression for ak, ctk are: 



ak = cosh0(fc)ck — sinh9(fc)c|^ 
ak = cosh6(fc)ck — smh@{k)c\^ 



One can define Bogoliubov transformed field (j)D{x) {^d{x)^ : 

Mx) (M^)) = / ^ ("•^ (^•') e"^'" + (4)e^'-^) • (8) 

The thermal "vacuum" state condition is that | 0(^)) is annihilated by ak,ak: 

ak I 0(/3)) = ak I 0(/3)) = 0. (9) 

It is given by 

En{oj{k)) = noj{k), U{@) = e^**^. 

In the above ^k(/3) = Trn^e~^^ (with trace over all states with fixed rik) is the normalisation factor and En{(jJk) 
is the energy of a state with nk particles all of momentum k. | nk,fik) is the state with each of rik particles, all of 
momenta k, in "H and %. (Thus Ei{u){k)) = Lj{k).) With this definition of the thermal vacuum, it is obvious that 
Eq(l) follows. 

The operator A^k = cjj.Ck — cl^Ck commutes with G. Hence: 

A^k I 0(^)) = (O(^) I JVk = 0. (11) 

Given the above it is easy to work out the Green's functions for the free theory at finite temperature. For this 
purpose consider the two fields as a column 

/0(x)\ 

^(^) = U (12) 



Then 



iGoix,y) = (06lT($(x)<I.^(?y)|06) (13) 
/(00|T(</.(x)</.(2/))|00) \ 



(27r) 



(OO|r(0(x)0(2/))|OO) J 

J d^k (^Go(fc)) e-^'-^^-y^ (14) 



where 







Go(fc) = U2-m2 + ^e ^ j (^5^ 



fc^ — m? — ie 

On the other hand the thermal Green's function is given by: 

iG0{x,y) = (0,/3|T($(x)$(y)|0,/3) (16) 

= (oo|T(c/(e)^$(a;)f/(e)c/(e)t$(j/)c/(e)|oo) (i?) 

where U{Q) = e~"^ is defined as in Eqs.(6) and 

/ \ 2T:i5{k^ -nAN(\i) 2TTiS(k'^ - m^)N(k) \ 

G^(k) = lk^-m^+^e 

V 2ni6{k^ - m^)N{k) ^ ' 27ri(5(A;2 - m^)N{k) J 
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where N{k) = sinh^e(fc). 

Now one can diagonalisc the above thermal Green's function by a suitable linear combination of (f> and (j) fields. For 
this purpose one starts from Eq(13) and inserts U{@yU{Q) as follows: 

iGo{x,y) = (00|T([/(e)tC/(e)$(a;)$^(y)[/(e)ti7(e))|00) 

= {im\T{^D{x)Eliy))\Om (20) 

where we have defined 

En{x) = c/(e)$(x)[/(e)t = 

\Xd{x)J 

which agrees with Eq(8). {U{Q) conjugates each entry in the column of ^{x).) In the next section, we will see how 
this formalism extends to the Moyal plane and what are the changes that can be expected. 

III. THERMOFIELD DYNAMICS ON THE MOYAL PLANE 

In the Moyal plane A0{R^) described by the commutator, 

[x^,x,] = le^,, (21) 

the ideas of TFD can be incorporated. 

We will first point out some important features about the Moyal plane and the action of the symmetry transfor- 
mations on it. 

The multiplication map mo in the algebra Ae{R'^) is defined by the * product, 

me{f ® g){x) = f{x)*g{x) = (^f e'^"""^ -'^ - g^ix) (22) 

where f,g€ Ae{R'^). Further the Poincare group action on tensor prducts AgiR^) i8) A0{R'^) (S) • ■ • A0{R'^) cannot 
be implemented in the conventional way. What is required is a twisted action of its group algebra on these tensor 
products. This leads to important changes in the algebra of creation/annihilation operators and statistics. The 
outcome are the relations: 

ap aq = aq e'P^«, a\ = e-'f^« a\ Up + 2po 5^{v - q) (23) 

where A AB ~ A^O^'^ B„. For details see Balachandran et al . [10]. 

The operators ap,ajj can be obtained from the standard annihilation and creation operators Cp,c^ through the 
following "dressing transformation" : 

ap = Cp e-5f^^ 4 = cl e5f^^ (24) 
The twisted quantum field (pg can also be obtained by a dressing transformation from the untwisted quantum field: 

</)e(ar) = <^o(a;) e'^^^, ^x) := (t>{x) (25) 



Here is the total momentum operator. 
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We now discuss how these 'dressing transformations' generaUse to thermal field theories. We must first construct 
the twisted analogues ak, ajc, fik, creation and the annihilation operators. For this purpose, we need to 

generalise Eqs.(6) and (7). The important point to note in this context is that, the total momentum operator in 
thermofield theory is the difference of momentum operators for (j) and (p fields: 

PMoM) =PMo)-PM = Pf, - (26) 

This is required for the dressing transformation since ak for example involves the annihilation operators of (j) and 
creation operators of (j) fields. 

The required Bogoliubov transformations for the twisted case are: 

at = (coshe(fc)ck- sinhe(fc)4) e-^fc^-PW'-^) (27) 
5? 



= (coshe(A;) Cfe - sinhe(/e)cy e-5*^^-P('^''^) (28) 



and their adjoints. 

The twisted field at zero temperature is: 



1 r d^p 

{2^ J 2^ 



(2 

In the same way we can define the twisted 'diagonal' fields at finite temperature: 

1 f Sp 



(30) 

As the number operators commute with the twist, the thermal vacuum is independent of ^^y. The twisted thermal 
vacuum | 0(/3)) is defined by 

at\m) = &t \m) = (31) 

For later use, we also define the twisted finite temperature fields (j)g 

In the above in 0e^^(a;) the subscript P is added to emphasize that the twist involves P^{4iq,4>q) (Eq. 26) which 
annihilates the thermal vacuum. 

We also would like to remark that in our approach to gauge fields, the latter are not twisted and are associated 
with commutative spacetime. So, its fields operators are not twisted. 

A. Wightman functions and propagators 

One can obtain the Wightman functions for the "free" theory: 

{Q{mMx)My))\m) = (0,0 1 {u\e)M^)My)um I o,o) 

= i W^{x -y) = i 6-*^^==^^" W^{x - y) = i W^{x - y). 



Hence we get Apg{x — y), the Feynman paropagator as: 



A^,,(x-y) = {0{/3)\T{M^)My))\0m = J ^ (^^,9^ ^''"'^''''^ (33) 

where 

^fA'') = T2 ^TX- - ^'^^'^^^^ - "^')^(^) = K,e=oik) (34) 

K TIT -\- If: 

The above behaviour of 2-point function is independent of because of translational invariance of the theory on the 
Moyal spacetime. (We assume that H and hence H are spacetime translational invariant.) Even though the two-point 
function is ^-independent, the higher order functions do depend on 9 and do not factorize into sums of products of 
two-point functions as it happens in zero temperature field theory. 

The 4-point function already reflects the important diff'erence between Moyal and commutative space time. Consider 

J^{xi,X2,x-i,Xi) = e{0{l3) I i(f)e{xi)(f)0{x2)(f)e{x3)(l)eix4)) \ 0(/3))(, 

= (0, 6 1 {u^{e)<i>s{xi)Mx2)Mx3)Mx4)u{Q)) \ o, o) 

Then 

W^(Pl,P2,P3,P4) = W^ipi)W^ip3)[6{pi-p2)S{p3-p4)+ <^(Pl - P4)'5(P2 - Ps)] 

+ e'P'^P'W^{pi)W^{p2)d{pi - p3)S{p2 - Pi) (35) 

In the above W'a{p) = tttti / e^'^'^'W^ {x) = / e~''^-''W^ {x) The higher order functions can also be 

(27r)* J (27r)* J 

worked out systematically. 

Interestingly Eq.(35) is the Bogoliubov transformed 4-point function of the twisted Poincare invariant Wightman 
function given in an earliar zero temperature field theory [10]. 

Remark: The discussion till now has dealt with free or possibly interaction representation flelds. Remarks on 
Heisenberg flelds will be made later. 



IV. SCATTERING THEORY AT FINITE TEMPERATURE 



There are several equivalent approaches to scattering theory on commutative spacetimes, a few of the well-known 
being the following: 

(1) The interaction representation scattering theory (2) The LSZ formalism. (3) The Yang-Feldman appoach. 

These approaches are not necessarily equivalent on noncommutative spacetimes even at zero temperature [11, 12]. 
Elsewhere [13, 14] we have discussed the first two approaches on the Moyal spacetime at zero temperature in detail. 
We shall now generalise them to the finite temperature thermofield theory. 



A. Scattering amplitudes in the interaction representation 



As a preliminary, we note that the free Hamiltonian is not affected by ^^i, or /3, it is the same as for 9^1, = T = 
for both matter and gauge fields. 
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Without gauge fields: 

We can consider the case of the real scalar field (j)o for 9^i, = 0,T = as an illustration. In the interaction 
representation, it is a free field. Consider an interaction Hamiltonian Hj such as: 

Hi = X j d^x i^^: (36) 

If ^/ii/ 7^ 0, but T = 0, it becomes Hj which for eq.(36) is 

Hf = X j d^x : (t)g * (p0 * <p0 * (1)0 : (37) 

where (j)e is defined by eq.(29) and normal ordering is with regard to ap,ap of eq.(24). 

If both 61^^ and T are nonzero, then ijf becomes Hp'^{H^'°° = Hf) which for eq.(37) is: 

Hp'^ = X j d^x : (j>0,^ * (j>0,is * (j)0,i3 * (j)0,i3 : (38) 

where the normal ordering is with respect to the a^, a^f operators of eq.(37). 
The interaction representation S-matrix Sj for T = is: 

Sf = T exp (^-i J dtH^^ . 



(39) 



We showed in earliar papers that is independent of 6: 

S^j = S°j = Si = T exp ( -i I dtHi ] . (40) 



The proof uses only properties of the field the *-product and translational invariance. Hence by the same 
arguments, the S-matrix Sj'^ is also independent of and T: 

Sp^ = T exp (-1 f dtHpn = Si. (41) 



The incoming and outgoing state-vectors are affected by O^^i, and /3 since the Fock vacuum | 0, 0) should be 
replaced by | 0(/3)) and the particle states arc created by repeated applications a^^'s. 

Note that this is the correct procedure since (1) the free Hamiltonian is 6^^,^ and T independent so that the thermal 
vacuum has no dependence on 0^1/^ and (2) we do not want to include the tilde excitations in the incoming and 
outgoing particles, so that particle states which participate in scattering are to be created by a^^'s from | 0(/3)). 

Consider a scattering process at temperature T on the Moyal plane. If the incoming momenta are qj, j — N + 
1,N + 2, - ■ ■ ,N + M and the outgoing momenta are —qk, k = 1, 2, • • • , iV, then incoming and outgoing state vectors 
at temperature T are: 

I QN+M, gjV+M-1, • ■ • , qN+l)0^^ = 4^+„;34iV+2,/3 ' " ' ^L+M./S I (^2) 

I -Qn, -qN-1, • • • , qi)0,^ = alg^,0alg^_,,0 ' ' ' alg„0 I 0(^)). (43) 

The scattering amplitude is the matrix element of Si between these vectors. 
With gauge fields: 

B 

In our approach, the gauge fields are not twisted. As a consequence, the twisted interaction Hamiltonian Hj 
splits into three parts : 

H'/ = Hf^'^" + Hf + irf-G.«./3. (44) 



Here Hf'^'^ contains only matter fields and they are twisted, while Hf involves only gauge fields and they are 
not twisted. The term Hj '' involves both matter and gauge fields with the former alone twisted. In each term, 
products of matter fields involve *, but those of gauge fields with themselves or with matter fields require special 
treatment. For details see [14]. 

In the interaction representation, the S-Matrix 5/ now depends on 9^^: 

S^/ = Texp (^-i j dtHp^ix)^ (45) 

If there are incoming or outgoing gauge particles, we should include them in eqs.(42) and (43) by acting with their 
creation operators on 
vectors (42) and (43). 



creation operators on | (/?)). The scattering amplitude is the expectation value of S^^ between these extended 



B. The LSZ formalism 

Without gauge fields 

We first consider the LSZ scattering amplitude for O^v = for both T = and T ^ and for spinless particles. We 
use the thermofield formalism. 

For T = 0, for ingoing and outgoing momenta as in eqs.(42) and (43), the scattering amplitude is 

S'^{—<iN, —qn-i, ■ ■ ■ — qi', qN+M,qN+M-i, • ■ • , qN+i) 

N+M 

d^Xi e-*«'-^' i{d1 + m'^)G%^M{xuX2, - ■ ■ ,xm+n) (46) 



/ n 



where G^+m is: 

G%+m(.xi,X2, - ■ ■ ^xm+n)) = Tei^'<J^'''^'^''jW%j^M{xi,---XN+M) 

■■ = TW^+m{xi,---xn+m) (47) 

and W^_|_jv^ are Wightman functions at T = 0: 

W^+M = {0\Mxi)---Mxn+m)\0) (48) 

Here $o are Heisenberg fields and | 0) is the vacuum state annihilated by P^, the four momentum of the fully 
interacting theory : 

I 0) = (49) 
In the twisted case, still at T = we have argued (see [14]) that 5° is modified to where 
S^{—Qn, —Qn-i,- • ■ — 5i; Qn+m, Qn+m-1, • ■ • , Qn+i) 

» N+M 

= Yl d''x,e-''i'-^' i{df+m'')G%+Mixi,X2,---,XM+N) (50) 

i=l 



where G^+m is: 



G%+Mixi,---XN+M) = Te'^^'<-'^''i^^''JW^+M{xi,---XN+M) 

■■ = T W^_^_m{xi, - ■ ■ xn+m) (51) 



and W^_^_J^^ are Wightman functions with 9^1, ^ 0. 

W^+M = {0\^e{xi)---MxN+M)\0), = $o e^^^^. (52) 

The twisted Hciscnbcrg field $e generalises (25). 

fn arriving at eq.(52), it is important to note that: (a) | 0) is stable under evolution, ft is in fact 6^,^ independent 
(b) as the energy- momentum operator 7^^ of in- and out- fields 7?^"'°"* are all equal to V^, and $0 approaches in- and 
out- fields <j)*"'°"* as xo Too, approaches their twisted versions: 

^0 ''"^'^ (53) 

^in,out ^in,out d KP y) -pirijOut (54) 

We now generalise to the finite temperature scattering amplitude S^'^. For this purpose we introduce the tilde 
Heisenberg fields $o and their energy momentum operator V/j.. Then if we can consistently replace by — 
and define an "exact" Heisenberg vacuum | O{0)) and appropriate twisted Heisenberg field ^$^0 we can write down 

But we see that this is straightforward. Thus 
(a) I 0(/3)) can be constructed from the in-states of and Vn'. 

0(/3)) = Yl / /rr, n Mki) e^\ku--- kNh„ I fci, • • • fciv>,„ (55) 



Mt.) - (56) 

where Trjv denotes trace in the iV-particle sector. Since V^, = P^" = P""* and = P^" = it is clear that: 

{V^ - V,) I 0(/3)) = (57) 

It is also plausible that 

r ^ ^ 

= E/ _SP n^/^(fe-)^^ l^ir--Mo.tl^ir--Mo„t (58) 



(b) The twisted Heisenberg field at temperature T is: 

= ^oe--^^('P-'P') (60) 

Since $o fulfills asymptotic condition and - Pf^ = 'pvn,out _ j,in,out ^ ^^^^ Yesst formally obeys the asymptotic 
conditions 

as required. 

The in- and out-states now are: 



\out _ „to"* „to"t „to"t 



|-g^,-g^_i,...,5i)rj = aLr,,aLr_,«---«Lr,/5|0(/3)) (63) 
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The S-matrix element is the scalar product of in- and out-states. Its connected part reads: 

S^''^{-qN, -QN-i,- ■ ■ , -qv, qN+M,qN+M-i,- ■ ■ ,qN+i) (64) 

N+M 

(65) 



where G^+m is: 



G%^_^m{xi,---xn+m) = Te^^'<^^-'^^'^W^^j^{xu---XN+M) 

: = T W^'^]^^{xi,---Xn+m) (66) 

and W^^j^ are the standard Wightman functions for untwisted fields at finite temperature: 

W^l^ixw-XN+M) = {0mMxi)---MxN+M)\0m. (67) 

This can be derived as in the standard LSZ formalism. 

Note that already for T = 0, (0 = oo), S^°° = 5^* and do not agree unless = 0. This was pointed out in 
our earliar paper [14] and remarked on at the beginning of this section. 

In [14] we have indicated how calculations can be performed using eq.50 for T = 0. They can be extended to T 7^ 0. 
An actual calculation will be presented in a future work. 
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